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The authors propose to explain the magnetic moment of elementary particles by a suitable 
choice of one pseudo-riemannian manifold — the space of observations — and two general 
Riemannian manifolds — the spaces of the particle connected with the external electromagnetic 
and nuclear fields, respectively. By a general Riemannian manifold the authors understand a 
Riemannian manifold whose associated tensor field is allowed to be degenerate. In this way the 
mass of a particle as well as its electromagnetic and nuclear properties are determined by means 
of manifolds and mappings between the corresponding Hilbert spaces. A nuclear reaction is then 
to be interpreted as a mapping between the corresponding pseudo-riemannian manifolds and the 
associated general Riemannian manifolds. 

The proposal, competitive to the quantum field theory, presents a different way of describing 
the properties of physical objects. At the moment it is difficult to decide whether this proposal 
will lead to a satisfactory explanation of more physical phenomena than those explained by means 
of the quantum field theory, since it needs further research. 

1. Introduction and Outline of Results 

This paper aims at proposing a concept for ex-
plaining the properties of elementary particles in 
terms of topological and metrical properties of 
pseudo-riemannian and general Riemannian mani-
folds. 

By a pseudo-riemannian manifold we mean a C°°-
differentiable paracompact (cf. e.g. Ref . 1 ) con-
nected manifold endowed with a pseudo-riemannian 
metric, i .e. a symmetric Cx tensor field of type 
(0,2) which is nondegenerate and has at each 
point the same index, different from zero and from 
the dimension of the manifold. If not otherwise 
stated, this dimension is supposed to be 4 and the 
index 1. 

If in the above definition we let the index to be 
0, i. e. the metric to be positive definite, we call 
this metric Riemannian and the corresponding 
manifold — a Riemannian manifold. If in the de-
finition of a Riemannian manifold we reject the 
assumption of connectedness and allow the metric 
to be degenerate, we call this metric general 
Riemannian and the corresponding manifold — a 
general Riemannian manifold. 

Reprint requests to Prof. Julian Lawrynowicz, ul. Piotr-
kowska 82 m. 60, Pl-90-102 Lodz, Poland. 

When choosing the manifolds in question the 
authors follow the lines of von Westenholz2 and 
generalize his ideas which have a background in 
Misner and Wheeler's ideas3 of explaining physi-
cal quantities in terms of pure geometry but 
without adding them to it. This leads of course to 
an important consequence, namely, that we have 
to replace the Dirac equation by another (Dirac-
like) equation and this concept has its background 
in a recent paper of Dirac 4. 

We suppose that the elementary particle in 
question is connected with two four-dimensional 
general Riemannian manifolds — the spaces of the 
particle, assigned to the external electromagnetic 
and nuclear fields, respectively, by means of the 
electromagnetic field four-tensor and the nuclear 
field four-pseudotensor (for the definition and pro-
perties of pseudotensors cf. e. g. Ref. 5 ) . More exact-
ly, both manifolds are supposed to be manifolds 
with boundary (cf. e. g. Ref. 6 ) . These boundaries 
play here the part of equipotential hvpersurfaces 
corresponding to the electromagnetic and nuclear 
fields, respectively. 

The general Riemannian manifolds in question 
are shown to have some duality properties that will 
perhaps lead in future to the construction of an 
almost complex manifold (cf. e. g. Ref. ") endowed 
with an hermitian structure. generated by the mani-
folds in question: N0 and N„ , say. 
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In order to give an example of such a construc-
tion let us denote by top Ne and top N n the cor-
responding paracompact topological spaces, and by 
ge and gn -their general Riemannian metrics. Let 
L be the Cartesian product of top N(. and top Nn , 
endowed with the natural maximal atlas atl L : 

L = (top L, atl L) ,top L = top Ne x top Nn . (1.1) 

When introducing an hermitian structure on L we 
have to suppose that L admits an almost complex 
structure, i. e. that there exists a C°° field J of endo-
morphisms Jz of the tangent spaces Tz L at points 
z of L such that the composed mapping — JzO J. 
is the identity mapping. For any 2 = ( x , y ) , where 
x and y are points of N e and N n , respectively, we 
denote by pr2e the mapping induced by the pro-
jection 2 '—> x between the corresponding tangent 
spaces: pr2e : Tz L Tx N e and, analogously, we 
introduce przn : Tz L —> Ty Nn . Next, for any two 
vectors Ö and 10 of Tz L, let 

=<7e' (pr/Ö, pr/LD) + #n ' (pr2 nt) , p r / I D ) 
(1.2) 

and, finally, 
h{t), tt)) = tf(t>,h)) -ig(Jt),tO) 

+ ig(t),JtO) +g(J*,J to), (1.3) 
where i denotes the imaginary unit: r = — 1. It is 
easy to show that (L, / , A), defined by formulae 
(1.1) and (1 .3 ) , where J is an almost complex 
structure of the tangent bundle T L = U T , L, is 
an example of the required manifold. 

It is a separate problem whether this manifold, 
or another almost complex manifold generated by 
N e and N n , admits a complex (analytic) structure. 
Besides it would be natural to introduce some re-
lated complex field tensor and other related quan-
tities. At this stage, however, we prefer a real space 
description. 

Now, by means of some mappings from the 
Hilbert spaces assigned in a natural way to the 
manifolds N e and Nn wTe generate a third mani-
fold M — pseudo-riemannian, which corresponds to 
the space of observations, and determine the electro-
magnetic and nuclear properties of the particle or, 
more generally, of a system of particles, by means 
of the topology of M , while the mass, magnetic 
moment, and other properties — by means of the 
pseudo-riemannian metric g of M . The elementarity 
of the particle means that it represents a "ho le " in 
M , i. e. remains beyond admissible places of ob-
servation. It is respected that the manifolds M , 

N ( , , and N n can be embedded in the five-dimen-
sional Euclidean space (cf. Ref. 8 ) . 

The paper is concluded by the statement of a 
possibility to explain nuclear reactions bj' seeking 
selection rules for composition of the obtained 
manifolds as well as by choosing mappings which 
transform the system in question before a reaction 
onto the system after this reaction. Since the mani-
fold M corresponds to the space of observation, it 
should stay unchanged after a nuclear reaction. 
This concerns in particular the light cones and sug-
gests the use of conformal mappings. In the case 
where an external particle is introduced, the light 
cones change in a bounded way according to a finite 
velocity of this particle and this suggests the use 
of quasiconformal mappings 9. 

The proposal presented in this paper is not the 
first trial of explaining the properties of elementary 
particles in terms of suitable manifolds corre-
sponding to those particles. In order to be concise, 
we confine ourselves to quote a fundamental paper 
of Dirac as well as two recent papers1 0 in this 
direction, where further references are to be found. 
The distinction between M and N is in fact moti-
vated by Dirac's considerations, but it seems that 
our construction permits to include effectively elec-
tromagnetic and nuclear interactions. 

2. Hamiltonian of a Free Particle in the System 
of Observations 

Let us assign to each elementary particle x some 
four-dimensional general Riemannian manifold N 
with boundary (cf. Section 1 ) . More exactly, we 
assign to % a fibre bundle11 B n , where N is the 
fibre space. We let the real line R to be the base 
space of Bn and denote by N # the corresponding 
typical fibre which is not necessarily connected. We 
aim to determine the topological structure and the 
general Riemannian tensor field g of N so that 
the operator equations for state vectors, which we 
take into consideration, would imply the properties 
of x, which are possible to be noticed in the system 
of observations. 

According to quantum mechanics (cf. e.g. Ref. 5 ) 
the state equation for a free particle has the form 

H\t) =ih{d/dt)\t) , (2.1) 

where t is in R and j t) is an element of the Hilbert 
space H ( B x ) assigned to x i n usual way 5 . For 



J. ?.,awrynowicz and L. Wojtczak • A Concept of Explaining the Properties of Elementary Particles 1409 

a free particle the energy operator H has the form 
H = p2/2 m with the standard meaning of p and m, 
since we assume that in the own system, i. e. the 
system connected with this particle, the velocity of 
propagation of interactions is infinite. 

We further assume that the system of observa-
tions is situated in some four-dimensional pseudo-
riemannian manifold M (cf. Sect. 1) depending on 
y and that y represents a "hole" of it, i. e. it re-
mains beyond admissible places of observations. 
More exactly, we assign to y a fibre bundle 
BM , where M is the fibre space. We let R to be the 
base space of BM and denote by M # the cor-
responding typical fibre. In the case of absence of 
particles we take as M the Minkowski space-time. 
The pseudo-riemannian tensor field of M will be 
denoted by g. 

Since we consider as the space of observations 
the manifold M, in order to decide upon the pro-
perties of the particle observed in M, we have to 
transform Eq. (2.1) to the system corresponding 
to M. As it should be natural to obtain the results 
of the standard theory in the limit case when ^ 
reduces to a point, it seems proper to assume that 
each vector of H ( B y ) belongs to H(BM) and 
postulate the mapping V of H(BN) into H(BM) of 
the form 

V(x,t)=exp{(WU(x,t)}, (2.2) 

where t and x are points of R and respecti-
vely, and yi: H ( B x ) H(BM). After the appli-
cation of the mapping (2.2) to elements (t, x) in 
Eq. (2.1), this equation becomes 

V[H- {d/dtWWHVlt)) =ih(d/dt) (V\t)), 
(2.3) 

where obviously V\ t) are elements of H(BM). 
From the physical point of view the mapping V 

expresses the action of the particle on its neigh-
bourhood and of the neighbourhood on the particle, 
realized in standard theories through virtual par-
ticles of the field. The expression 

H = V[H-O/SOW1 (2.4) 

is to be interpreted as the Hamiltonian describing 
the action of the particle y in the space of obser-
vations M. The lowest possible eigenvalue of H 
should be equal to the rest energy of y. 

A trivial example of a mapping V is connected 
with passing from the Riemannian manifold N as-
signed to y with the metric of the four-dimensional 

Euclidean space to the pseudo-riemannian mani-
fold M assigned to the exterior of £ with the metric 
of the Minkowski space-time. In this case, if supp M 
denotes the set of points of M etc., we have 
supp M u supp N c supp R4 , supp M n supp N = 0. 
Let denote the mapping J~l corresponding to this 
case by J~l0. It is worth-while to note that the 
Hamiltonian J~l0 (x, t) = Jf0 (x) t can be chosen in 
the form which leads to a differential equation of 
the second degree and a state vector V t) in the 
scalar form (cf. Sect. 8 ) . In the case where N re-
duces to a point, we arrive at the Dirac equation 
for a free particle in the Minkowski space-time. In 
case of a particle with nonzero dimensions, in the 
system of observations the particle is described by 
the Dirac equation determined for the state vectors 
in the Hilbert space H(BJI). 

In the physical interpretation the above case 
corresponds to a particle without interaction with 
virtual fields. In case of interactions wTith such 
particles H is a mapping which induces a trans-
formation of the manifold N modified by these 
virtual particles into the manifold M which re-
mains unchanged. Thus, if we set 

71 (x) +H0(x) + ATl(x), supp N# , 

where AJ~l(x) denotes the Hamiltonian of inter-
actions with virtual particles, then the Hamiltonian 
in the space of observations M admits the form 

H (x) = exp{ (i/h)[x(x)]}H[x(x) ] 
• exp{ — (i/h)7i0 \_x{x) ] } + U(x), x e s u p p M # , 

where 
U(x) = exp{ (iJh) Ji[x{x) ]} H[x(x) ] 

• e x p { - (i/h)W[x(x)]} 
-exp{(i/h)K0\[x(x')]} H[x(x')] 

•exp{ — (^/?i)K0 [x(a; , ) ] } . 

Here U is to be interpreted as the potential of ex-
ternal forces. Therefore the image of a particle in 
the system of observations is the image of the 
particle remaining within the field of external forces 
and the nature of these forces seems to be analogous 
to the classical case of the Coriolis forces. 

The process of passing from the own system to 
the system of observations is connected with the 
visualisation of the spin which we define — as 
usually — as the own angular momentum of the 
particle. In the description proposed here the intro-
duction of the notion of spin gains a new meaning: 
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in the own system the spin does not appear since 
in this case the particle rests, whereas in the system 
of observations Ave may assign to the particle the 
spin 5 as the angular momentum of the rotating 
particle observed in this system. 

Thus, for a given manifold N with the pro-
perties described above, the mapping V determines 
the corresponding manifold M for preassigned 
boundary conditions. If we push aside the problem 
of determining M, then to different particles cor-
respond different mappings V. It is important to 
notice that the elementarily of a particle is here 
understod in the sense that we are not interested 
in the manifold N and Ave only agree that Eq. (2.1) 
Avhich describes properties of the particle has the 
same form for all possible particles. With respect 
to different transformations the manifold M changes 
according to observation of various particles and 
thus depends on the particle observed. 

If Ave observe tAvo or more particles within M, 
then this manifold is a consequence of a suitable 
composition of the corresponding mappings V. In 
the physical interpretation to different interactions 
there correspond different mappings of the topo-
logical and metrical structure of M. 

3. A Particle in External Fields: Electro-
magnetic and Nuclear 

Interaction of particles may be expressed by 
means of external fields where the particle in 
question is situated. We determine interaction of 
fields with the help of a function yielded by the 
metrical properties of the manifold N. 

Namely, suppose that N is in an arbitrary ex-
ternal field applied. In view of the finiteness of the 
particle and hence in \'ieAV of the infinite velocity 
of propagation of interactions within N, inter-
actions that enter N by different points of its 
boundary reach all points of N in the infinitely 
short time. Hence, in spite of inhomogeneity of this 
interaction at the boundary, inside N the value of 
this interaction is invariant under changes of posi-
tion within N and equal to the sum of all reaching 
signals. 

Consequently, in the case of electromagnetic as 
Avell as nuclear fields, when considering the cor-
responding manifolds N, which to be more precise 
Ave will denote by N,. and N n , respectively, we may 
assume that the corresponding external fields can 

be expressed as some four-tensors Avith constant 
components. Keeping at present the values of these 
components as parameters, let us notice here that 
the basic physical fields can be described by means 
of two four-vectors expressing standard electro-
magnetic interaction and nuclear interaction deter-
mined in an analogous Avay, respectively. 

Owing to the fact that the Hamiltonian, as a 
physical quantity, has to be invariant under map-
pings from N e resp. N n into itself, the addend of 
the Hamiltonian that corresponds to the interaction 
Avith the external fields and expresses the potential 
energy can be represented by means of the scalar 
products *>c) and gn' (2Jn, t)B), where 31e and 
31n are constant four-vector potentials correspond-
ing to the electromagnetic and nuclear case, respect-
ively, Avhile t)e and Ö" are the four-currents as-
signed with the finding of the particle only, in-
dependently of its properties. Consequently, in ac-
cordance with formula (1 .2 ) , Ave obtain 

/ / = ( l l 2 m ) p * + g : W , V ) + g n ' W , t } » ) . (3.1) 

In the space M of observations the motion of 
the particle is described by Eq. (2.3) for the 
Hamiltonian (3 .1 ) . The mapping V stays here in-
variant since it describes transition from Ne resp. 
N„ to M independently of external fields acting 
Avithin N e resp. Nn . 

Summing up, in spite of the fact that Ave consider 
noAV a particle in an external field applied, the 
mapping V corresponding to that particle stays 
fixed, Avhile the description of the motion of the 
particle varies in the form of appearence of the 
addend ge' (2(e, t>e) +gu' (2In, Ön) . The transforma-
tion of the Hamiltonian (3.1) under the mapping V 
leads to the Hamiltonian (2 .4 ) , Avhere the potential 
energy is composed of the potential energy of really 
existing acting fields 31° and 3(n and of fictitious 
fields yielded by the mapping V. 

4. Electric Charge and Magnetic Dipole as a 
Manifestation of Topological Properties of the 

Manifold Associated with the Space of 
Observations 

We proceed noAV to the question of determining 
the manifold M so that the electric charges and 
magnetic dipoles be, under a proper formulation 
of the problem, uniquely determined by M. This 
question is not neAV and Ave may confine ourseh^es 
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to give here a suitable interpretation of some results 
due to Misner and Wheeler 3 and von W estenholz 2. 

Suppose, more generally, that we wish to assign 
M so that it exhibit quantized point electric charges 
ex, . . ., en and associated with them magnetic 
charges jli1 , . . . , f i n due to monopoles distributed 
over some points Px, ...., Pn of M. Here it is 
essential to remark that, as pointed out by Misner 
and Wheeler3, magnetic monopoles do not exist 
in a fully classical geometrical theory, since, if the 
electromagnetic field is derived from a vector 
potential, then there is a zero net flux through 
every closed surface and then, by Stokes' theorem, 
there is no magnetic charge. If, however, quantized 
charge is associated with space-time, it should be 
referred to a semi-classical theory of von Westen-
holz 2, where in order to explain that all charges are 
integral multiples of a unit charge, one has to 
introduce magnetic monopoles. Thus, according to 
Dirac12 , we have to accept the pole strengths of 
magnetic poles as integral multiples of the Planck 
constant divided by the unit charge. 

Let now CP(M) denote the p-th group of singular 
chain complexes of M, i. e. the collection of all 
formal sums of real multiples of singular p-simplexes 
of in M endowed with the corresponding group 
structure. Under a singular p-simplex in M we 
mean, as usually (cf. e.g. Ref . 1 3 ) , a continuous 
mapping from the standard Euclidean p-simplex 
into M. Further, let 3 be the corresponding 
boundary operator, i. e. the operator assigning to 
each chain Z l j O f of CP(M) the chain J_/.; 3 o / , 
where 

dojP = 2 ( - 1 ) V o e / , 
k = 0 

^ = l e - f o ' l L " > 0 ) -

and (e°, e1, . . . ) denotes the Hilbert cube. Next let 
Cp(M) denote the group of singular p-cycles in M, 
i. e. singular p-chain complexes in M with the 
vanishing boundary, and SC^ + ^ M ) the group 
consisting of all boundaries of some singular 
(p + 1)-chain complexes in M. Finally, owing to an 
obvious inclusion of 3CP + 1(M) in CP(M), we 
introduce (cf. e. g. Ref. 13) the p-th singular homo-
logy group of M as the quotient group Hp(M) = 
CP(M)/3C? + 1 ( M ) . 

In a duality to the above definitions let F^(M) 
denote the real vector space of all differential p-
forms on M and d the exterior derivative operator 
(cf. e.g. Ref. 1 4) . Next we let denote the 
group of all closed forms of FP(M), i .e. forms of 
FP(M.) with the vanishing exterior derivative, and 
d f p - i ( M ) the group of all exact forms of F^(M), 
i. e. the group consisting of all exterior derivatives 
of some forms of Fp~1 (M) . Finally, owing to an 
obvious inclusion of d F ^ ^ f M ) in F ^ M ) we intro-
duce the p-th de Rham cohomology group of M as 
the quotient group HP(M) = Fp{M)/dFp~1 (M). 

Consider next the standard four-dimensional 
manifold Ee with supp Ee = supp M U supp Ne , 
endowed with the Minkowski metric. According to 
Misner and Wheeler3 in order to assure that Ee 

permits unqantized charge it is sufficient to take 
supp Ee in the form of Cartesian product of the 
real line and either a A-pierced three-sphere or a 
three-torus and — on the other hand — any space 
Ee in question may be supposed to be given in 
such a form. By a A-pierced sphere we understand 
the sphere with k pairs of nonoverlapping polar 
caps excluded and the corresponding points of the 
resulting boundaries of each pair of antipodal caps 
identified. In order to agree with Sect. 2 we have 
to drill in the resulting manifold also the additional 
non-intersecting holes corresponding to the par-
ticles in question, so we have to consider the sub-
manifold E of Ee with supp E = supp M. 

Suppose now that M permits quantized charge, 
i. e. 4 7i(e1P1 +...+ en Pn) is in C0 (M) and that E 
permits unquantized charge. Then, according to von 
Westenholz2, there exists a C^-diffeomorphism 0 : 
E ~ > M such that the mapping £>•: C 2 ( E ) - * C2(M) 
induced by satisfies the conditions 

ja) = 4 ti e}, (4.1) 
<t>,Cj 

where o) is in F2(M) and corresponds to the electro-
magnetic field tensor, Cj, / = 1, . . . , ß2, are the 
fundamental cycles in C2(E), and ß.2 is the second 
Betti number of E, i. e. the number of such cycles. 
Here we have to suppose that n < ß . 2 . Conversely, 
let M be associated with an E which permits un-
quantized charges by means of a C1-diffeomorphism 
(P: E —>• M. Then Eq. (4.1) is a necessary con-
dition for M to exhibit quantized charges as a 
manifestation of its topology. 
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It is clear that Eq. (4.1) may be considered as 
a geometrical definition of a quantized charge in M. 
In order to do so with magnetic charge we write in 
local coordinates a) = Fjk dx7 dx/l, where F)k re-
presents the electromagnetic field four-tensor, and 
define OJ* as the form which can be written in the 
same local coordinates as OJ* = *FJK dx ; dx7", where 
*Fj/c represents the dual of Fjk . Consequently 

J OJ* = 4 rr UJ (4.2) 
<t>*C) 

give the required formulae. 
Finally, let y be the charge density in M, i. e. 

-/= (1 ]c) (ix dx2 A dx3 + i, dx3 A dx1 

+ i3 dx1 A dx2) A dx° - o dx1 A dx2 A dx3 , (4.3) 
where the vector i = (/\ , i2 , i3) and the scalar o 
satisfy the continuity equation 

•divi+ (d/dx°)e = 0, 

while A denotes the exterior product operation (cf. 
e.g. Ref . 1 4 ) . As observed by von Westenholz2, 
another important necessary condition for M to ex-
hibit quantized charges as a manifestation of its 
topology is that if y is the charge density (4.3) in 
M. then y is exact, i. e. there is a form ß of F 2 ( M ) 
such that y = dß. In other words the subgroup 
/7y3(M) of the third de Rham cohomology group 
H3 (M), consisting of elements generated by the 
density (4.3), contains one element only: 

Hrz (M) = 0 . (4.4) 
The quoted paper 2 gives also a sufficient condition 
in terms of homotopy, but we do not apply it here 
since it is probably too strong, i.e. not necessary. 

5. Nuclear Charge and Nuclear Dipole as a 
Manifestation of Topological Properties of the 

Manifold Associated with the Space of 
Observations 

We turn now our attention to the problem of 
determining the manifold M in question so that the 
nuclear charges and nuclear dipoles be, under a 
proper formulation of the problem, uniquely deter-
mined by M. Arguing as in the case of electro-
magnetic four-current we arrive at the results which 
may be formulated as follows. 

Consider the standard four-dimensional manifold 
E n with supp E„ = supp M u supp Nn , endowed 
with the Minkowski metric. It is clear that in order 
to assure that E n permits unquantized nuclear 

charge it is sufficient to take, as before, supp E n in 
the form of Cartesian product of the real line and 
either a ^-pierced three-sphere or a three-torus and 
— on the other hand — any space E„ in question 
may be supposed to be given in such a form. In 
order to agree with Sect. 2 we have to drill in the 
resulting manifold also the additional noninter-
secting holes corresponding to the particles in 
question, so we have to consider the submanifold E 
of En with supp E = supp M. 

In this way, since — in our interpretation the 
manifold N, discussed in Sect. 2, is modified by 
virtual particles (cf. Sect. 2) so that we are led to 
two manifolds N e and Nn (cf. Sect. 3 ) , while the 
manifold M remains unchanged (cf. Sect. 2 ) , we 
are also led to two corresponding manifolds E e and 
En , while the manifold E is the same in both cases. 

Suppose now that M permits quantized nuclear 
charge, i.e. 4 a { g x Q x + ... + gmQm) is in C0(M) 
and that E permits unquantized nuclear charge. 
Here g1, ...., gm are quantized point nuclear 
charges, while Qt, . . . , Qm are the points of M 
over which there are distributed some charges r t , 
. . . , vm of nuclear monopoles associated with gl, 
..., gm, respectively. Then there exists a C1- diffeo-
morphism lF: E - ^ - M such that the mapping XF*: 
C2(E)—v C 2 (M) induced by XF satisfies the con-
ditions 

J = 4 ti gj, (5.1) 
v.c, 

where <p is in f 2 ( M ) and corresponds to the 
nuclear field four-pseudotensor (for the definition 
and properties of pseudotensors cf. e .g. Ref . 5 ) , 
and Cj, 7 = 1, . . . , ß2, are — as before — the 
fundamental cycles in C 2 ( E ) . Here we have to sup-
pose that m < / ? 2 . Conversely, let M be associated 
with an E which permits unquantized nuclear 
charges by means of a C1-diffeomorphism XF: 
E -> M. Then Eq. (5.1) is a necessary condition 
for M to exhibit quantized nuclear charges as a 
manifestation of its topology. 

Analogously, since in local coordinates <p = 
Gjkdxi dxk, where Gjj{ represents the nuclear field 
four-pseudotensor, we may define cp* as the form 
which can be written in the same local coordinates 
as <p* = *Gjk dx7 dx/l', where *Gjk represents the 
dual of Gjk . Then 

J + 4 TI vj (5.2) 
v.c, 
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give the required formulae for the charges of 
nuclear monopoles. 

It seems that Gjk cannot be, in general, constant 
since the corresponding mapping from F 2 (N n ) into 
F2(M) has to change the vector structure of 2ln to 
to the pseudovector structure of the corresponding 
potential 21n in M. 

Finally, let r be the nuclear charge density in M, 
i. e. 

r = (1 jc) (hx dx2 A dx3 + h, dx3 A dx1 (5.3) 
+ M * 1 A dx2) A d x ° - i W A dx2 A dx 3 , 

where the pseudovector (cf. e. g. Ref. 5 ) h = (h1 , 
h.2, h3) and the pseudoscalar # satisfy the conti-
nuity equation 

d i v / i + ( 3 / 3 x ° ) # = 0 . 
Then the counterpart of the condition (4.4) reads: 

tfT3(M)=0. (5.4) 
Thus we conclude the present section with the 

statement that in our interpretation the electro-
magnetic and nuclear fields are connected with the 
corresponding magnetic and nuclear monopoles 
situated, in general, at different points . . . , 
Pn and Qx, . . . , Qm, respectively. The difference 
between the interactions in question is thus yielded 
by the topological differences between the cor-
responding manifolds Ne and N n . From the physic-
al point of view this difference plays the part of 
virtual particles in the sense of conventional 
theories. Furthermore, we remark that according 
to our concept the effective interaction within M is 
not directly determined by the nuclear four-current 
(11,$), but by a mapping of the scalar product 
gn' (31n, t)n), induced by the mapping V given by 
formula (2.2). Thus our point of view does not 
contradict the well known results of Ogievetskij 
and Polubarinov15 on the vector character of the 
interaction fields. 

6. Mass as a Manifestation of Metrical Properties 
of the Manifold Associated with the Space of 

Observations 

Among the physical quantities characterizing the 
particle only the mass has remained until now as a 
parameter without connections with geometrical 
properties of the manifold M in question. To do this 
it is appropriate to follow the lines of general re-

lativity and treat the particle as a source of the 
gravitational field produced in the manifold N and 
observed in M. 

Here a natural question arises whether as N we 
should take Ne , Nn , or some other general Riemann-
ian manifold. Since the "effective" particle whose 
manifestation is observed within M is the topo-
logical sum — the union of supports of Ne 

and N n , it seems reasonable to take supp N = 
supp Ne U supp Nn and to endow it with a suitable 
topology top N, the natural maximal atlas atl N, 
and a general Riemannian tensor field g which will 
be specialized later on. Thus may proceed to the 
problem of determining the mass by means of the 
already chosen manifold (topM, atl M) and its 
pseudo-riemannian metric g as well as the metric 
g which remain for our disposal as parameters. 
Arguing as in the case of electromagnetic four-
current we arrive at the results which may be for-
mulated as follows. 

Consider the standard four-dimensional manifold 
E with supp E = supp M U supp N, endowed with 
the Minkowski metric. It is clear that in order to 
assure that E permits unquantized mass it is suf-
ficient to take, as before, supp E in the form of 
Cartesian product of the real line and either a k-
pierced three-sphere or a three-torus and — on the 
other hand — any space E in question may be 
supposed to be given in such a form. In order to 
agree with Sect. 2 we have to drill in the resulting 
manifold also the additional nonintersecting holes 
corresponding to the particles in question, so we 
have to consider the submanifold E of E with 
supp E = supp M. 

Suppose now that M permits quantized mass, i. e. 
4-7i(m1R l + . . . + miRi) is in C0(M) and that E 
permits unquantized mass. Here m1, . . . , mi are 
quantized point masses, while Rx, . . . , Ri are the 
points of M over which there are distributed the 
values P j2 = 0, . . . , Pi2 = 0 of momenta associated 
with mx, . . . , mi, respectively. The requirement for 
all Pj2 to vanish is justified by the energy-momen-
tum conservation law and can be assured by a 
proper choice of g and g . In this case there exists 
a C1-diffeomorphism Q : E - ^ - M such that the 
mapping Q*: C 2 (E) ->C 2 (M) induced by Q satis-
fies the conditions 

Jy = 4 a m}, (6.1) 
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where y is in /r2(M) and corresponds to the 
energy-momentum four-tensor, and Cj, j = 1, 
ßo, are — as before — the fundamental cycles in 
C 2(E). Here we have to suppose that / < / ? 2 . Con-
versely, let M be associated with an E which per-
mits unquantized masses by means of a C^-diffeo-
morphism Q: E —v M. Then Eq. (6.1) is a neces-
sary condition for M to exhibit quantized masses 
as a manifestation of its topology. 

In our case this topology is already determined 
when considering the electromagnetic and nuclear 
fields, so one is led to verify that for all elementary 
particles existing in reality Eq. (6.1) is fulfilled 
automaticly. On the other hand this equation yields 
the allowable mass quanta. Next we can also find 
other conditions that restrict g and g . Proceeding 
analogously to the case of electromagnetic four-
current, we write y in local coordinates: y = 
Tjk dx ; dx7"", where Tjk represents the energy-momen-
tum four-tensor, and define y * as the form which 
can be written in the same local coordinates as 
y* = *Tjk dx' dxk, where *Tjk represents the dual 
of T;k . Then 

f ? * = 0 (6.2) 

give the required extra conditions. 
Finally, let ö be the mass density in M, i. e. 

(5= (1/c) dx2 Adx 3 +Jodx 3 A dx1 (6.3) 
+ d3 dx1 A dx2) A dx° - 7] dx1 A dx2 A dx3 , 

where the vector d = (dl, d.2, d3) and the scalar rj 
satisfy the continuity equation 

div d + (3/3x0)>; = 0 . 

Then the counterpart of the condition (4.4) reads: 

Hd*( M ) = 0 (6.4) 

and one is led to verify that for all elementary 
particles existing in reality Eq. (6.4) is fulfilled 
automaticly. 

Thus we conclude the present section with the 
statement that in our interpretation quantized point 
masses are situated, in general, at points , . . . , 
R, that are different from the points Pi , . • . , Pn 
corresponding to magnetic monopoles as well as 

, . . . , Qm corresponding to nuclear monopoles. 
The topology on N is induced from Ne and N„ , 
since supp N = supp Ne U supp Nn and of course 
both topologies have to be compatible on supp N,, n 
supp N„ . 

7. Equation of State as a Manifestation of 
Metrical Properties of the Manifold Associated 

with the Space of Observations 

We have still some freedom in specifying the 
metrical properties of the manifolds in question. 
On the other hand, usually the equation of state 
for an elementary particle is considered in the 
Minkowski metric and this does not explain, in 
general, properties of this particle, e. g. the anoma-
lous magnetic momenta of nucleons. 

In view of Sect. 2 we may try to construct a 
consistent theory of such a particle choosing pro-
perly the metric g of the pseudo-riemannian mani-
fold M. basing on interactions yielded by the 
metric g of the general Riemannian manifold N 
and also by the mapping V given by formula (2.2). 
According to Sect. 3 we are led to two different 
manifolds N : the "electromagnetic" manifold N(. 
and "nuclear" N n , and when considering both 
fields: electromagnetic and nuclear together we 
have to utilize formula (3.1). Finally, owing to 
Sect. 4, 5, and 6, we have a theoretical way of 
determining the electric and nuclear charges , g j , 
and charges Uj, Vj due to the magnetic and 
nuclear monopoles as well as the point masses nij. 

Thus we are in a position to construct the 
pseudo-riemannian metric g effectively by means 
of known physical parameters , g j , , Vj, mj, 
being a manifestation of some curved space-time 
geometry in order to agree with the required pro-
perties of the particles in question, e. g. the anoma-
lous magnetic momenta of nucleons or, more 
generally, of particles. 

According to the considerations of Sect. 2, for 
a free particle we choose the mapping V, given by 
formula (2.2), so that the Hamiltonian H, given 
by formula (2.4), had the form of the Dirac 
Hamiltonian, determined in terms of the metric g, 
i. e. 

H =c{gaay*p* + g00y° mc), (7.1) 
where ya denote the Dirac matrices and c is the 
light velocity in the vacuum. In this way we fix 
the mapping V. Next we transform the Hamiltonian 
H, given by formula (3.1) , which includes inter-
actions with external fields, from H ( B x ) to H(Bm ). 
Consequently we get 

H 
1 

p* — — e 
c„ gaa } 

+go ( ) : , 0 \ m c 

l 
CY (7.2) 

A, A° 
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where e and g are the unit electric and nuclear 
charges, respectively, 2le denotes the four-vector 
potential corresponding to electromagnetic inter-
actions within M, 2(n denotes the four-pseudo-
vector potential corresponding to nuclear inter-
actions within M, while ce, cg, cß, cv are the velo-
cities of propagation of interactions Ae°, An°, (Aex, 
Ae2, Ae3), (A^, An2, An3) within M, respectively. 
It should be remarked here that 2te and 2ln may, in 
general, depend on the local coordinates of M and 
are determined by the mapping V together with the 
metrics ge' and gn\ 

We may divide now the elementary particles into 
two groups according to their electric charge: 
charged and uncharged particles, and — indepen-
dently — into two groups according to their nuclear 
charge: strongly interacting particles, i .e. endowed 
with a nuclear charge gx =f= 0, and particles which 
do not interact strongly, i. e. such that g1 = 0. 
For a charged particle we put ce = cß since in this 
case interactions of electric and magnetic fields 
propagate with the same velocity, while for an un-
charged particle we put ce= oo since there is no 
space of observations M, when one could observe 
an electrostatic interaction for the same particle. 
An analogous consideration leads to the conclusion 
that we have to put cg = cv for a strongly interacting 
particle and cg= oo for a particle which does not 
interact strongly. 

Taking into account the fact that in the Min-
kowski space-time the velocity of propagation of 
interactions coincides with the light velocity in the 
vacuum, we put as the scale cfl = c. Next, since in 
the Minkowski space-time the rest energy of a 
particle of the mass m i = m is m c2, we calibrate 
g00 = 1 provided that we ignore the gravitational 
interactions. Thus we are led to the problem of 
finding the four unknowns gn , g.22, g33 , and cv by 
means of the values of ex, gx, jiix , and vx, given 
either theoretically by formulae (4.1), (5.1), (4.2), 
and (5.2), respectively, or referred to the experi-
ment. Since in the already derived state equation 
we ignore the gravitational interactions, formulae 
(6.1) and (6.2) are fulfilled independently of the 
calculated metric g. 

Let us consider, as an example, the electro-
magnetic properties of a particle confining our-
selves to the interactions of % with the electro-
magnetic field and assuming that in this case the 
mapping V leads to a constant metric g with gn = 

922 — Os'3 • Therefore the Hamiltonian (7.2) becomes 

H 2 r 2\p' oc = l 
e Ae A° 

for a charged particle, while 

H ffn 1 e Af + y" m c 

for an uncharged particle. The remaining unknown 
gn may be referred to the experimental value of the 
magnetic moment M: 

9U = M , (7.3) 

where M is counted in the Bohr magneton units, 
e.g. equals 1.002 for the electron, 2.793 for the 
proton, and —1.913 for the neutron. It is clear 
that Eq. (7.3) may be considered as a geometrical 
definition of the magnetic moment in M. 

In order to obtain an analogous geometrical 
definition of the nuclear moment in M one should 
abandon the hypothesis gn = g22 = #33 assumed 
above and consider the general problem with four 
unknowns. 

When assuming the electromagnetic field to 
vanish we see that the Hamiltonian of a free 
particle, with the physical properties determined in 
the preceding sections by geometrical properties of 
the manifold M, becomes 

H=c(yp + y°mc) +c(M-l)yp, (7.4) 

where the first addend corresponds to the free Dirac 
equation, while the second one is the Hamiltonian 
of interactions with forces analogous to the 
Coriolis forces (cf. Sect. 2 ) , yielded by metrical 
properties of the manifold M. On putting M = 1, i. e. 
considering the classical example of the Dirac elec-
tron, we obtain a description of the particle with 
help of the wave equation in the Minkowski space-
time, since in this case we have gn = M = 1, i. e. we 
have the Dirac equation. 

This additional interaction can be taken into 
account differently by scaling over the mass and 
the light velocity to the effective values of these 
quantities which appear in the Minkowski space-
time, namely 

Then the solutions of the equation corresponding 
to the Hamiltonian (7.4) are solutions of the Dirac 
equation in the Minkowski space-time for the ef-
fective values of parameters determining the 
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particle, i. e. TO* and c*. Thus if we ignore a small 
correction for the magnetic moment of the electron. 
this particle is really described by the standard 
Dirac equation, while the proton is a particle de-
scribed by the same Dirac equation, but in a space-
time with the light velocity and mass 

c* = 2.793 c and TO* = 0.1282 m, 

respectively. In this interpretation the neutron be-
haves as a particle with a negative velocity: we have 

c* = - 1 . 9 1 3 c and TO* = 0.2732 m. 

8. Concluding Remarks 

In the preceding sections we have presented a 
proposal of formulating the theory of elementary 
particles in terms of pure geometry: manifolds and 
their mappings. In the general formulation there 
still remain some quantities, mappings, and tensors 
left to be determined empirically in correspondence 
to different possibilities admissible within the 
theory. First of all we have to include among them 
the mapping V, given by formula (2.2), which 
has been strictly determined in this paper by as-
suming the shape of the Hamiltonian (7.1) for a 
free particle in the space of observations. This 
choice of the Hamiltonian is, as it is usually man-
aged in physics, suggested by experiments. 

The problem may be considered from a more 
general point of view by an adaptation of the trans-
formation of Tharrats, Cercell, and Rojo 16 or its 
generalizations17,18 leading in case of the nucleon 
interactions to an effective potential whose ap-
pearence in Eq. (2.3) is equivalent to expansions 
of the perturbation series in the quantum field 
theory: 

V = exp [i o(p / \ p\ )0(\p\ / m c)], (8.1) 

where a is the generator of the unitary rotation 
operator while 6 is the angle of counter-clockwise 
rotation of the coordinate axes in H ( B > ) around 
the direction of the unit vector p / | p .. More exact-
ly, in Ref.1 8 

0 (| p | / to c) = arc tan (J p | / to c ) . 

The effective potential obtained with the help of 
this transformation is equivalent to the potential 
of the quantum field theory, calculated up to the 
fourth order of the perturbation theory. An analo-
gous remark concerns Ne and Nn . 

Adapting the above procedure to our purposes Ave 
define the mapping V of H (B> ) into H(Biw) by 
formula (8.1), interpreting differently the rotation 
operator appearing there, namely, as the spin 
operator of the particle, which is a manifestation 
of the angular momentum of the particle in the 
space of observations M, Avhereas this momentum 
is not observable in the own spaces Ne and N„ , 
since these spaces are constantly related to the 
particle. 

The isotopic spin may now be interpreted analo-
gously, as a property of the OAvn spaces NP and Nn 

into the space of observations M. For instance, in 
the case of a nucleon, if we consider its nuclear 
structure only, the manifold M is determined by a 
mapping of Nn alone and therefore is the same for 
the neutron as well as for the proton. If Ave take 
into account also the electromagnetic structure, Ave 
are led to determining M not only by a mapping 
of N n , but also of Ne . Since the manifold N,> is 
different for the neutron and for the proton, then 
also the manifold M is different for these particles, 
if we consider its electromagnetic structure (cf. 
Section 4) . Distinction between these spaces of ob-
servations is an effect equivalent to the introduction 
of the notion of isotopic spin. 

The next problem Avhich comes naturally is that 
of composing the electromagnetic and nuclear fields 
corresponding to two or more particles. Let us note 
that the determination of electric and nuclear 
charges as Avell as of magnetic and nuclear dipoles 
by the topological properties of M did not in fact 
depend on the number particles. Thus, differently 
speaking, the topology of the space of observations 
is already determined also in the case of many 
particles, namely, by the conditions (4.1) , (5.1), 
(4.2) , (5.2) as well as by the homology conditions 
(4.4) and (5.4). 

Similarly, the conditions (6.1) and (6.2) , con-
nected with the mass and momenta, as well as the 
corresponding homology condition (6.4) gave us 
restrictions for the pseudo-riemannian metric g and 
the general Riemannian metric g of N with 
supp N = supp Ne n supp Nn , independently of the 
number of particles. An extrapolation of this re-
gularity leads to a natural suggestion to postulate 
that the metric g, determined in Sect. 7 in the case 
of one particle, provided that we ignore the gravi-
tational interactions, be expressed in the same way 
by M in the case of many particles, where M de-
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notes now the magnetic moment of the system of 
particles, counted in the Bohr magneton units. 

In the general case, i. e. when we do not ignore 
the gravitational interactions, greater freedom in 
determining the metric g may be utilized in order 
to explain other physical parameters of the particle 
(or of a system of particles) as the quadrupole 
moment, the coupling constants, the spin-orbit 
coupling constant, etc. In consequence this should 
lead to some rules of choice for the topology and 
metrics of the pseudo-riemannian manifolds which 
correspond to the really existing systems of par-
ticles. 

Now we arrive at a possibility of applying direct-
ly this concept not only in order to determine the 
pseudo-riemannian manifold M corresponding to 
the system of particles in question and the as-
sociated general Riemannian manifolds Ne and Nn , 
but also in order to determine some selection rules 
for a nuclear reaction. Here, by a nuclear reaction 
we have to mean an admissible mapping of the 
system of manifolds corresponding to the reacting 
particles onto the system of manifolds corresponding 
to the particles obtained as the effect of this reaction 
so that the manifold M associated with the whole 
system would remain unchanged. 

Thus, if all the reacting particles are included 
in the system under consideration, the invariance 
of the corresponding manifold M, which concerns 
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